The topological quantum spin liquids (SL) and the nature of quantum phase transitions between them have attracted intensive attentions for the past twenty years. The extended kagome spin-1/2 antiferromagnet emerges as the primary candidate for hosting both time reversal symmetry (TRS) preserving and TRS breaking SLs based on density matrix renormalization group simulations. To uncover the nature of the novel quantum phase transition between the SL states, we study a minimum XY model with the nearest neighbor (NN) (Jxy), the second and third NN couplings (J2xy = J3xy = J ′ xy ). We identify the TRS broken chiral SL (CSL) with the turn on of a small perturbation J ′ xy ∼ 0.06Jxy, which is fully characterized by the fractionally quantized topological Chern number and the conformal edge spectrum as the ν = 1/2 fractional quantum Hall state. On the other hand, the NN XY model (J ′ xy = 0) is shown to be a critical SL state adjacent to the CSL, characterized by the gapless spin singlet excitations and also vanishing small spin triplet excitations. The quantum phase transition from the CSL to the gapless critical SL is driven by the collapsing of the neutral (spin singlet) excitation gap. By following the evolution of entanglement spectrum, we find that the transition takes place through the coupling of the edge states with opposite chiralities, which merge into the bulk and become gapless neutral excitations. The effect of the NN spin-z coupling Jz is also studied, which leads to a quantum phase diagram with an extended regime for the gapless SL. Quantum spin liquid (SL) is an exotic state of matter which escapes from forming the conventional orders even at zero temperature [1]. However, different from a featureless insulator, a SL develops a topological order [2-4] with fractionalized quasiparticles encoded in the long-range entanglement of system [5] . The SL physics may play a fundamental role for understanding strongly correlated systems and unconventional superconductivity [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . There have been intensive studies searching for SL in frustrated magnetic systems, however, the discovery of SL has been rare in the past 20 years. A few frustrated square or honeycomb lattices spin systems with competing interactions have been proposed as the candidates for gapped SL [22] [23] [24] [25] . However, further studies find that the competing plaquette valence-bond solid may dominate the magnetic disorder region [26] [27] [28] [29] .
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Interestingly, the nearest neighbor (NN) dominant spin-1/2 kagome Heisenberg model has been identified to host a gapped SL based on the state of art density matrix renormalization group (DMRG) calculations [30] [31] [32] [33] , where a near quantized topological entanglement entropy [34, 35] has been found consistent with a Z 2 SL [32, 33] . The topological degeneracy as a signature evidence for such a gapped topological state [2, [8] [9] [10] 36] has not been established, while different methods have been applied to tackle this problem [31, 37] . Meanwhile, the variational studies find that the Dirac gapless SL has the lower variational energy among different states based on the projected fermionic parton wavefunctions [38, 39] . The nature of the SL in the kagome Heisenberg model remains not fully understood.
By introducing the second-and third-NN couplings for the spin-1/2 kagome systems, DMRG studies [40, 41] discover the Kalmeyer-Laughlin CSL theoretically predicted more than 20 years ago [42] [43] [44] [45] [46] , which spontaneously breaks TRS and is identified as the ν = 1/2 fractional quantum Hall (FQH) state [42, 43, 47] . Interestingly, the CSL state is also found in the spin anisotropic kagome model involving the second and third NN xy-plane couplings [48] , or by introducing the TRS breaking three-spin chiralities interactions [49] . However, the nature of the quantum phase transition, especially how the quantum state and entanglement spectrum (ES) evolve near such a transition have not been addressed. We do not know what a physical mechanism can drive the quantum phase transition in such a system, and if the emergence of the previously identified gapped SL for the NN kagome Heisenberg model has close connection with the collapsing of the CSL [50] . Our work is motivated to address these open questions.
Along with theoretical developments, experiments also discover different promising SL candidates in the triangular organic compounds [51] [52] [53] and kagome antiferromagnets Herbertsmithite and Kapellasite Cu 3 Zn(OH) 6 Cl 2 in recent years [54] [55] [56] [57] [58] [59] . These materials appear to have gapless excitations as revealed by the specific heat and neutron scattering measurements [55] [56] [57] [58] . Thus, it would be extremely interesting to also search for some minimum spin-1/2 kagome model which can host a gapless SL.
In this Letter, we address the nature of the collapsing of CSL and the related phase transition in kagome spin system based on DMRG and exact diagonalization (ED) calculations. We study the spin-1/2 XXZ kagome model with the spin XY interactions for the second and third neighbors as shown in the inset of Fig. 1(a) , whose Hamiltonian is given as [48] 
where the summations are taken over the NN i, j , the second and third NN i, j ′ couplings. We set J xy = 1 as energy scale. Our main results are summarized as the phase diagram in Fig. 1(a) . First of all, for the XY model with J z = 0, we establish a CSL for J ′ xy 0.06 based on the topological features of the state: the conformal chiral edge spectrum in accordance with the ν = 1/2 FQH state and the topological quantized Chern number C = 1/2. We identify the physical driving force for the destruction of the CSL as the collapsing of the singlet excitation gap with reducing J ′ xy . Following the evolution of ES, we find that the phase transition takes place through the coupling between the low-lying entanglement states with opposite chiralities, which naturally leads to a critical state with TRS and gapless neutral excitations [60, 61] . Our results represent a significant progress in understanding the connection between different SLs [48] by identifying the mechanism of the phase transition and establishing the characteristic nature of the critical SL phase adjacent to the CSL. After tuning on the NN spin-z coupling J z , we identify the phase diagram for different J ′ xy , where the critical gapless SL is found for an extended regime with small J ′ xy ∼ 0. The connection of the critical SL with the previously identified gapped SL in Heisenberg model [31] will also be discussed.
We use DMRG [62] and ED to study cylinder and torus systems with the geometry shown in the inset of Fig. 1(a) . The number of sites in cylinder (open boundary condition in the xdirection) or torus system is N = 3 × L y × L x with L x and L y as the numbers of unit cell in the x and y directions [63] . We perform the flux insertion simulations on cylinder systems based on the newly developed adiabatic DMRG to detect the topological Chern number [40] . In this simulation, we thread a flux θ in the cylinder which is equivalent to imposing the twist boundary conditions: S
. for these bonds crossing the y boundary. In DMRG studies we keep up to 8000 − 10000 states for the simulations without flux and 4500 − 6000 states in the flux insertion simulations for accurate results.
Chiral spin liquid phase.-The CSL breaks TRS but preserves lattice symmetries and spin rotational symmetry. The TRS broken is usually detected by the chiral order parameter [44] . As shown in Fig. 1(b) , we demonstrate the chiral correlations χ i χ j between the up-triangles i and j as a function of distance R ij for the XY model (J z = 0). At J ′ xy = 0, the chiral correlations decay exponentially to vanish. With growing J ′ xy , the chiral correlations enhance gradually and appear to approach finite values for J ′ xy 0.2 at large distance, which indicates the emerging long-range chiral order that characterizes the spontaneous TRS breaking.
Moreover, CSL is a topological ordered state that hosts twofold topological degenerate groundstates, which can be obtained by inserting flux with θ = 0 → 2π adibatically [40] . The ES for these two states, labeled by the quantum number total S z of the half system, and their relative momentum quantum number along the y direction ∆k y [64, 65] , are shown in Figs [66] as the fingerprint for the emergence of the CSL [67] . The spectra of the vacuum (θ = 0) and spinon (θ = 2π) sectors are symmetric about S z = 0 and − 1 2 respectively, indicating a spin-1 2 spinon at each end of cylinder in the spinon sector. Fractional quantization of topological Chern number.-To reveal the full topological nature of the CSL phase, we perform the flux insertion simulation to obtain the topological Chern number [40] . By adiabatically inserting flux θ, we study the evolution of the spin-z magnetization S z x,y at each site R i = (x, y). One example with a small θ = π/4 is shown in Fig. 2(a) . We find that the nonzero magnetizations start to build up at both edges of cylinder after inserting flux. The net magnetization near boundaries grows monotonically with increasing θ as shown in Fig. 2(b) , which is equivalent to the spin transfer being pumped from the left edge to the right edge without accumulating in the bulk. As shown in Fig. 2(c) , a spin pump linearly increases with θ on L y = 6 cylinder, which leads to a quantized net spin transfer ∆S z | edge = 0.500 at θ = 2π and a quantized Chern number C = 1/2, fully characterizing the state as the ν = 1/2 FQH state [40, 46, 68] . For the system with L y = 4 as shown in the inset of Fig. 2(c) , we find some finite size effect as the spin pump initially is zero for small θ, which jumps to the expected values of the The CSL is protected by the finite bulk excitation gap (shown later in Fig. 4 ) and grows stronger with increasing system width. Based on the quantized Chern number established on L y = 6 cylinder with different geometries [63] and the conformal edge spectrum for the groundstates, we find a robust CSL phase for J ′ xy 0.06 as shown in the phase diagram Fig. 2(d) for J z = 0. In the critical SL region, we observe strong magnetization fluctuations in the bulk during the process of inserting flux in consistent with the collapsing of the neutral excitation gap.
Entanglement spectrum flow.-The CSL and the critical state can be understood based on the response of ES to inserted flux [69, 70] . For a CSL at J ′ xy = 0.1, as shown in Fig. 3(a) , the eigenvalues of the reduced density matrix are degenerating about the ±S z sectors at θ = 0. By increasing θ, the spectrum lines in the positive S z sectors flow up continuously, while those in the negative S z sectors flow down (this is selected by the sign of Chern number due to spontaneous TRS breaking). At θ = 2π, the eigenvalues in the S z = 0 and S z = −1 sectors become degenerate. As a result, after inserting a flux quantum, a net spin transfer
is realized and the spectrum becomes symmetric about S z = −1/2. Thus the ES flow directly detects the gapless feature in the edge spectrum through inserting flux. By inserting 4π flux, the ES continues to flow and, it becomes symmetric about S z = −1 at θ = 4π, indicating two spinons have been transferred from the left edge to the right edge while the bulk of the system goes back to the vacuum sector.
With decreasing J ′ xy , the robust Chern number quantization and the spectrum flow persist to J ′ xy ≃ 0.06. By following the evolution of the ES, we find that the CSL is becoming less strong at smaller J ′ xy , where the chiral velocity (proportional to the gap between the lowest two spectrum levels in the S z = 0 sector as indicated in Fig. 3(b) ) [63] diminishes with decreasing J ′ xy . As illustrated in Figs. 3(b) and 3(c), we observe that the ES as a function of quantum number S z before and after the phase transition appear to be similar at J ′ xy = 0.1 and 0.0. However, they are significantly different in momentum space. The spectrum for J ′ xy = 0.1 preserves the same robust conformal chiral edge spectrum as demonstrated in Fig. 1(c) with many entanglement eigenstates carrying nonzero k y [63] . However, once the phase transition takes place, the groundstate wavefunction has TRS, and the lowlying entanglement states shown in Fig. 3(c) have the momentum quantum number k y either 0 or π if they are nondegenerate, which comes from the mixing between eigenstates with opposite chiralities. Furthermore, these low-lying eigenstates do not respond to the inserted flux. The mixing of entanglement states with opposite chiralities illustrates what happens to the physical edge states [71] . These edge states with opposite chiralities also mix and merge into the bulk and become the low energy gapless excitations in the bulk. These observations are consistent with the field theory description for the quantum phase transition between two states with different Chern numbers [60, 61] . Interestingly, the ES for the NN kagome Heisenberg model in Fig. 3(d) is similar to the one of the NN XY model. Low-energy excitations.-We first study the evolution of the low-energy singlet excitations in the S z = 0 sector as a function of J ′ xy for the XY model (J z = 0). As shown in Fig. 4(a) of the spectrum for 36-site torus system in k = (0, 0) sector, we find two low-energy near degenerate groundstates separated by a finite singlet gap E s from higher energy excitations in the CSL phase at larger J ′ xy ≃ 0.3 side [40] . With decreasing J ′ xy , the singlet gap E s reduces, which collapses to vanishing small at J ′ xy ∼ 0 − 0.05. Thus the quantum phase transition from the CSL to the TRS preserving state is driven by such a neutral excitation gap closing. For comparison, we also obtain the triplet gap E T in DMRG calculations using torus systems with N = 3 × 4 × 3 and 3 × 4 × 4 as shown in Fig. 4(b) [72] . Similarly, E T drops with reducing J ′ xy and it becomes much smaller for N = 48 system at J ′ xy = 0. Thus, our results indicate that the critical state is centered near J ′ xy = 0, where the singlet gap vanishes and the spin gap is very tiny or vanished (E T reduces with N and E T ≃ 0.049 for N = 3 × 5 × 6). The appearance of low-energy singlet excitations below the finite-size spin gap can be understood as the gapless neutral mode for the topological quantum phase transition [60, 61] , which necessarily exists for such a transition.
We further study the whole phase diagram with varying J z and J ′ xy , where similar CSL to critical phase transition is observed as illustrated in the phase diagram Fig. 1(a) . Furthermore, we examine the low energy spectra of the NN XXZ model (J ′ xy = 0) on N = 3 × 4 × 3 torus system. As shown in Figs. 4(c)-4(e) for J z = 0.0, 0.5 and 1.0, we find near continuous low energy excitations [73] collapsing together below the spin triplet gap, which implies the gapless singlet excitations in the whole critical SL region. The structure of the energy spectra remains very similar, which indicates that the spin interaction J z term may only enhance the energy scale of excitations. The gapped SL [31] may exist neighboring with the critical SL close to the NN Heisenberg model and we cannot determine the precise phase boundary of the critical SL due to the limited system width we can access in DMRG simulations.
Summary and discussions.-We identify a TRS broken CSL phase with a small pertubation J ′ xy ≃ 0.06 in the J xy − J ′ xy XY model, while the NN XY model is in a critical phase adjacent to the CSL with vanishing singlet excitations and a small or vanishing spin triplet gap based on ED and DMRG studies. Furthermore, by studying the evolution of ES crossing the quantum phase transition, we identify that the quantum phase transition takes place through the coupling and mixing of the chiral states with opposite chiralities, which naturally lead to a critical state with TRS and gapless neutral excitations. The quantum phase transition appears to be very smooth, which is driven by the continuous closing of the gap for spin singlet excitations. However, it is important to mention that limited by the range of systems one can access using DMRG, one cannot determine if there is a discontinuity in the singlet gap at the transition point in thermodynamic limit. Thus the quantum phase transition can be a weakly first order or continuous transition, which demands study based on effective theory for these novel SL states. Finally, we find that the NN J z coupling leads to a phase diagram with an extended regime for the critical SL possibly including or close to the NN Heisenberg kagome model. While the neutral excitation has to be gapless in such a critical SL, we find that the spin gap is possibly finite, but very small, which grows bigger with the increase of J z . Our DMRG calculations for spin gap on larger tori and ED calculations for singlet gap indicate that these gaps decrease towards the NN models with reducing J 
SUPPLEMENTAL MATERIAL INFINITE DMRG ALGORITHM
We also use the infinite density matrix renormalization group (iDMRG) [1] to study this model. In the iDMRG algorithm, we first start from a small system size. Then we insert one column in the center and optimize the energy by sweeping the inserted column. After the optimization, we absorb the new column into the original existing system and get the new boundary Hamiltonians. We repeat the inserting, optimizing and absorbing procedure until the energy convergence is achieved. Compared with the finite DMRG simulation, iDMRG grows the lattice by one column at each iteration and only sweeps the inserted column, thus the computation cost is significantly reduced. iDMRG is especially efficient to deal with the gapped topological order system, which allows us to obtain the ground states with well-defined anyonic flux as first proposed in Ref. [2] . In our work, we have confirmed that the iDMRG obtains the fixed-point ground state wavefunction in the center of cylinder that is exactly the same as that obtained from the finite DMRG simulations (the same energy and the identical entanglement spectrum within the numerical error.).
ENTANGLEMENT SPECTRUM ON XC GEOMETRY
There are two kinds of cylinder geometry on kagome lattice often being studied in DMRG, YC-geometry in SFig. 5(a) and XC-geometry in SFig. 5(b). In the main text, the demonstrated results are all based on YC-geometry. Here we show that the entanglement spectrum and the spectrum flow shown on YC-geometry are robust and insensitive to the lattice geometry. In SFig. 6, we demonstrate the entanglement spectrum flow for J z = 0, J ′ xy = 0.1 on L y = 6 XC-geometry. The features of the spectrum flow are consistent with the results on YC-geometry shown in Fig. 3(a) of the main text. The eigenvalues in S z = 1 and S z = −1 sectors are degenerate at θ = 0. By increasing flux θ, the eigenvalues in S z = 1 sector flow up while those in S z = −1 sector flow down continuously. At θ = 2π, the eigenvalues in the S z = 0 and S z = −1 sectors become degenerate, which results in a fractionally quantized Chern number C = 1/2. Thus, the phase diagram shown in the main text is robust for different geometries.
CHIRAL VELOCITY FROM ENTANGLEMENT SPECTRUM
Entanglement spectrum resembles the edge excitation spectrum that can be viewed as a fingerprint of topological order. In the main text, we show the entanglement spectrum at J z = 0.0, J YC-geometry, which is closer to the phase boundary J ′ xy ≃ 0.06J xy . As shown in SFig. 7, the entanglement spectrum also exhibits the degeneracy pattern {1,1,2,3,5,...} consistent with the CSL state.
Entanglement spectrum gives not only the characteristic degeneracy pattern of the edge excitation, but also the edgemode velocity [3] . In the conformal field theory, the edgemode of the Laughlin state is described by a single branch of chiral charged bosons. The velocity of the charged bosons v c is not an universal quantity as it depends on the microscopic interaction and edge confinement. In the cylinder geometry, we can define v c through the lowest values of entanglement spectrum with edge momentum k = 0 and k = , where E 0 (k) = min{−lnλ(k)} is the lowest eigenvalue with edge momentum k. Thus, from our results on YC-geometry, we have , we find that the difference of the lowest value between the momentum sectors k = 0 and k = 2π/L y continuously decreases before the quantum phase transition takes place. The reducing of chiral velocity obtained from entanglement spectrum is related with the drop of the bulk excitation gap with decreasing J ′ xy , which is consistent with a very weakly first order transition or a continuous transition driven by the collapsing of the bulk gap and the destruction of the gapless edge states at the same time.
